We have obtained exact three dimensional BT Z type solutions with gauge fields, for string theory on a gauge symmetric gravitational background constructed from semi-simple extension of the Poincaré algebra in 2 + 1 dimension. We have studied the models for two non-Abelian and Abelian gauge fields solutions and shown that the related sigma models for each of these backgrounds is a SL(2, R) WZW (WessZumino-Witten) model and that they are classically canonically equivalent. We have also obtained the dual solution for the Abelian case and by interpreting the new field strength tensors of the Abelian solution as electromagnetic field strength tensors shown that dual models coincide with the charged black string solution. *
Introduction
In order to overcome some complexities of four dimensional gravity, many of researchers have studied the gravity models in lower dimensions. For instance, they hope that some properties of lower dimensional black holes help them to model those of the four dimensional black holes. One of such attempts has resulted in the construction of the three dimensional rotating BTZ black hole [1] . Nearly two decade ago, Witten [2] has shown that an exact two dimensional black hole in string theory could be obtained by gauging a one dimensional subgroup U (1) of SL(2, R). Also, exact three dimensional black string [3] and black hole [4] solutions in string theory have been obtained. In other attempt, the SL(2, R) WZW model and it's relation to string theory in AdS 3 has been studied in details in three different papers [5, 6, 7] . In those papers, the structure of the Hilbert space of the WZW model and the spectrum of physical states of the string theory have been determined [5] , and also the one loop amplitude [6] and the correlation functions of the model [7] have been studied. Recently, the Maxwell [8, 9] and Semi-simple extension of Poincaré symmetries was applied to construct gauge symmetric gravity models in 3 + 1 [10, 11] and 2 + 1 [12] dimensions (see also [13, 14] ). Here, we apply these symmetries to obtain an exact three dimensional black hole with gauge fields in string theory by introducing a new extended anti-symmetric B-field and try to obtain some solutions for equations of motion of the low energy string effective action [15, 16] . The outlines of the paper is as follows: In section two, we construct a low energy string effective action in 2 + 1 dimension by use of new gauge field strengths and obtain it's equations of motion. In section three, we solve the equations of motion using the BT Z metric and obtain two different non-Abelian and Abelian solutions (Abelian solution has no contribution of interaction terms in new gauge field strengths). Then, we show that both solutions are exact solutions whereas the sigma models for each of these backgrounds is a SL(2, R) Wess-Zumino-Witten model. We also show that two sigma models corresponding to the two non-Abelian and Abelian solutions are classically canonically equivalent. We interpret the new gauge field strengths of the Abelian solution as an electromagnetic field strength tensors, and obtain the corresponding three different electric and magnetic fields. In section four, using duality transformation, we calculate dual solutions of the Abelian solution with respect to both spacelike (ϕ) and timelike coordinate isometry symmetries and show that the dual solutions correspond to the charged black string solution. By obtaining both ϕ-dual and t-dual electric and magnetic fields, we show that duality relates the electric fields to the dual magnetic fields and vis versa.
2 Gauge fields in string action from semi-simple extension of Poincaré algebra in 2 + 1 dimension Let us consider the semi-simple extension of Poincaré algebra (or the Maxwell algebra for λ = 0) with basis X B = {P a , J a , Z a } in 2 + 1 dimensions [12] as follows:
where k and λ are constants, and Z a are new generators which are added to ordinary Poincaré generators P a and J a to extend the algebra. One can construct gauge fields h µ which are Lie algebra valued one form h = h µ dx µ as follows:
where x µ (µ = 0, 1, 2) and a, b = 0, 1, 2 are spacetime coordinates and Lie algebra indices, respectively. Using these gauge fields e a µ (x), ω a µ (x), A a µ (x) , one can write the new field strengths F a µν as follows [12] :
where the gauge fields e in 2 + 1 dimensional spacetime M by use of these gauge fields as follows:
where R is the Ricci scalar of M and φ is the dilaton field, and furthermore H µνρ and H ′ a µνρ 3 are defined as follows:
so that B µν is an antisymmetric field and F a µν are the new antisymmetric field strengths. Now, one can find the following equations of motion (the beta functions) by variations of the above action with respect to g µν , B
νρ , F νρ a and φ respectively,
, where these equations are zeros of the beta functions (at one loop) β(G), β(B), β(F a ) and β(φ) (respectively) for the following sigma model [16] 
where Σ is the worldsheet, R (2) is the scalar curvature of the worldsheet metric g αβ , and ǫ αβ is an anti-symmetric 2-tensor, normalized so that √ gǫ 12 = +1, and the extended antisymmetric B-field has the following form:
such that we have ξ a = (1, 1, 1).
Black hole solutions
In this section, we will try to obtain a solution for the equations (7). We know that the 2 + 1 dimensional Einstein-Hilbert action with cosmological constant term
has a BTZ black hole solution as follows [1] 
with
where Λ = − 1 ℓ 2 is the negative cosmological constant, furthermore M and J are the mass and angular momentum of the black hole, respectively. Here [x 0 , x 1 , x 2 ] = [t, r, ϕ] are the coordinates of the spacetime. We use the above BTZ metric to solve the equations of motion (7) assuming that all fields are a function of the radial coordinate only. Here, we analyse two interesting non-Abelian and Abelian gauge field solutions.
i.e. for these gauge fields A a µ we have:
2 Note that the above action is the ordinary string effective action in 2 + 1 dimensions where the last term is added. 3 The algebra indices a can be taken up and down by the ad-invariant metric Ω ab of the algebra [12] .
Non-Abelian case
Using the form of the metric as (11) and (12) the equations of motion (7) have a solution as follows:
where
are arbitrary constants and v(r) = 0, u(r), w(r), y(r), q(r), s(r), z(r) are arbitrary functions of radial coordinate r only. Now, using (3), we find the following nonzero components of the new antisymmetric fields (3) for the non-Abelian gauge fields A a µ : 
in the W ZW action
so that k is level of the W ZW model, and the horizons r = r ± of the black hole have the following relation to it's mass and angular momentum (M, J)
Abelian (electromagnetic) case
Using the form of the metric as (11) and (12), we find another solution for the equations of motion (7) as follows:
where g(r) = 0, f (r), h(r), p(r) are arbitrary functions of radial coordinate only. Note that for this solution, A a µ is Abalian and hence yields zero contributions for the coupling terms in all components of the new field strengths 
For the above solution, all of the nonzero components of the electromagnetic field strength tensors are as follows:
In this way, the extended B-field components have the following forms:
where we assume that B 01 (r) = B 21 (r) = 0. This solution is also an exact solution. One can show that using the SL(2, R) group element (16) witĥ
the sigma model (8) with the background (G µν , B ′ µν ) is a SL(2, R) W ZW model. Now, we show that two sigma models corresponding to the two discussed non-Abelian (13) and Abelian (19) solutions are classically canonically equivalent. Indeed, by assuming the following relations among the arbitrary functions in (13) and (19) ,
u(r) = w(r) − 2z(r) + λ k y(r) − q(r) + 2s(r) , then, these two sigma models can be canonically related to each other by the following relations [17] (
where (G µν , B ′ µν ) and ( G µν , B ′ µν ) are the non-Abelian (13) and the Abelian (19) solutions respectively, such that C µν , A µν and A µν have the following forms
Now, for the Abelian solution, the electric and magnetic fields can be written in terms of electromagnetic field strength tensors as follows:
where the indices inside the parenthesis are algebra indices which run over 0,1,2 and each denote a different field. In this way, we have three different electric and magnetic fields. The radial components of three electric fields have the following forms:
furthermore, all of the azimuthal components of them are zero
and all of the magnetic fields are in z-direction i.e. they are perpendicular to r, φ plane. These magnetic fields are given by
Dual solution
Now, we will try to find the dual of the Abelian solution (19) which is indeed another solution for the equations of motion. Note that the solution (19) is independent of the coordinate ϕ; hence we have an isometry in ϕ direction. Abelian duality which is a transformation on the string model, relates this solution (g µν , B µν , F a µν , φ) to the dual solution (g µν ,B µν ,F a µν ,φ) by the following Buscher's transformation [18] 
where α, β = 0, 1 (indice '2' represents the ϕ coordinate). Applying this transformation to the solution (11) , (12), (19) and (21) yields the following dual solution:
where the dual electromagnetic field strengthsF 
Note that for B ′ 21 (r) = 0, and using the following coordinate transformation:
the dual metric in (32) precisely represents the charged black string solution [3, 4] . The dual electric and magnetic fields can be obtained in terms of dual field strengths as follows:
Furthermore, the radial components of three dual electric fields are obtained as:
and the azimuthal components of them are obtained as follows:
E (2) ϕ = 0, and finally the magnetic fields which all are in z-direction are given by the following relations:
Note that if we select the following forms for arbitrary functions g(r) and h(r):
where D and C are arbitrary constants and
then all magnetic fields in (30) become zero, and therefore, we have only the electric fields in solution (19) , while in dual solution (32) there are both electric and magnetic fields. This result, as we expect, indicates that here, in string theory, the duality leads to a connection between electric and magnetic fields in solution (19) and it's dual solution (32). At the end of this section let us discuss about the isometry symmetry along t direction of the solution (19) . One can repeat the above procedure to find the following t-dual solution [19] for solution (19) :
For B ′ 01 (r) = 0, and using the following coordinate transformation [19] :
the t-dual metric in (41) precisely reduces to the charged black string solution. Finally, calculations similar to the ϕ-dual case show that t-dual solution also leads to a connection between electric and dual magnetic fields for solution (19) and it's t-dual solution, respectively.
Conclusions
We have presented a 2+1 dimensional low energy string effective action containing a gauge fields term which has a gauge symmetry coming from semi-simple extension of Poincaré (Maxwell) gauge group. The model has led to an extended B-field in the corresponding sigma model. By solving the equations of motion of the string effective action (i.e. the beta function equations), we have obtained two different solutions which both in the sigma model level correspond to the SL(2, R) WZW models and then, both are exact solutions of beta function equations to all orders. Also, it turned out that two sigma models corresponding to two different solutions are classically canonically equivalent. We have interpreted the gauge field strength tensors related to the Abelian gauge fields solution as electromagnetic field strength tensors and obtained the corresponding electric and magnetic fields. Using Buscher duality transformation, we have shown that the dual models coincide with the charged black string solution and also have shown that the electric fields of the Abelian solution are related to the magnetic fields of it's dual solution.
